Multiple solutions for a two-point boundary value problem  by Cammaroto, F. et al.
J. Math. Anal. Appl. 323 (2006) 530–534
www.elsevier.com/locate/jmaa
Multiple solutions for a two-point boundary
value problem
F. Cammaroto ∗, A. Chinnì, B. Di Bella
Department of Mathematics, University of Messina, 98166 Sant’Agata-Messina, Italy
Received 19 July 2005
Available online 28 November 2005
Submitted by J. Henderson
Abstract
In this paper, using a recent result of Ricceri, we prove two multiplicity theorems for the problem
−u′′ = λf (u)+μg(x,u), u(0) = u(1) = 0, extending a previous result that G. Bonanno obtained for μ = 0.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Since many years, the existence of multiple solutions for Dirichlet boundary value problem
has been widely investigated. Several recent results, approached by variational methods, make
use of Theorem 1 of [6] obtained by Ricceri (see, for example, [1,2]). Recently, in [4] a two local
minima theorem was established; we recall it in a convenient form:
Theorem 1.1. [4, Theorem 4] Let X be a reflexive real Banach space, I ⊆ R an interval, and
Ψ :X × I → R a function such that Ψ (x, ·) is concave in I for all x ∈ X, while Ψ (·, λ) is
continuous, coercive and sequentially weakly lower semicontinuous in X for all λ ∈ I . Further,
assume that
sup
λ∈I
inf
x∈XΨ (x,λ) < infx∈X supλ∈I
Ψ (x,λ).
* Corresponding author. Because of a surprising coincidence of names within the same Department, we have to point
out that the author was born on August 4, 1968.
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ing property: for every λ ∈ A and every sequentially weakly lower semicontinuous functional
Φ :X →R, there exists δ > 0 such that, for each μ ∈ ]0, δ[, the functional Ψ (·, λ) + μΦ(·) has
at least two local minima lying in the set {x ∈ X: Ψ (x,λ) < ρ}.
The aim of this paper is to obtain an application of Theorem 1.1 to the following Dirichlet
problem:{−u′′ = λf (u) + μg(x,u) in [0,1],
u(0) = u(1) = 0, (D)
where f :R→ R and g : [0,1] × R→ R are two continuous functions and λ, μ two positive
parameters.
For each ξ ∈R, put
F(ξ) =
ξ∫
0
f (t) dt.
2. Main result
Theorem 2.1. Assume that there exist two positive numbers c, d , with c <
√
2d , such that
(i) f (ξ) 0 for each ξ ∈ [−c,max{c, d}];
(ii) F(c)
c2
<
1
4
F(d)
d2
;
(iii) lim sup
|ξ |→+∞
F(ξ)
ξ2
 0.
Then, there exist a number r and a non-degenerate compact interval C ⊆ [0,+∞[ such that, for
every λ ∈ C and every continuous function g : [0,1] ×R→ R, there exists δ > 0 such that, for
each μ ∈ ]0, δ[, the problem (D) has at least two classical solutions whose norms in W 1,20 ([0,1])
are less than r .
Proof. Let X = W 1,20 ([0,1]) endowed with the norm
‖u‖ =
( 1∫
0
∣∣u′(t)∣∣2 dt
)1/2
∀u ∈ X.
Let us define in X two functionals Φ and J by setting, for each u ∈ X,
Φ(u) = 1
2
‖u‖2 and J (u) = −
1∫
0
F
(
u(x)
)
dx.
Applying the well-known inequality
max
∣∣u(x)∣∣ 1‖u‖,0x1 2
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sup
u∈Φ−1(]−∞,r])
(−J (u)) max
|ξ |√r/2
F(ξ)
for each r > 0.
Thanks to (i) and (ii) and to [1, Proposition 1] there exist σ > 0 and u ∈ X such that
sup
u∈Φ−1(]−∞,σ ])
(−J (u))< 2σ (−J (u))‖u‖2 = σ (−J (u))Φ(u) .
Let ρ be such that
sup
u∈Φ−1(]−∞,σ ])
(−J (u))< ρ < σ (−J (u))
Φ(u)
and
Ψ (u,λ) = Φ(u) + λJ (u) + λρ
for each u ∈ X, λ ∈ [0,+∞[. Proposition 3.1 of [5] assures that
sup
λ0
inf
u∈XΨ (u,λ) < infu∈X supλ0
Ψ (u,λ).
We apply Theorem 1.1 to the continuous functional Ψ by choosing I = [0,+∞[. Clearly, Ψ (u, ·)
is concave in I for all u ∈ X.
Fix λ ∈ I , let ε < 2/λ. Since (iii) holds, there exists bε ∈R such that
F(ξ) ε|ξ |2 + bε
for all ξ ∈R.
Fix u ∈ X. From the last inequality we deduce that
1∫
0
F
(
u(x)
)
dx  ε
4
‖u‖2 + bε.
So,
Ψ (u,λ)
(
1
2
− λε
4
)
‖u‖2 − λbε + λρ,
i.e. Ψ (·, λ) is coercive.
A standard argument ensures that Ψ (·, λ) is continuous and sequentially weakly lower semi-
continuous in X.
Fix σ > supλ0 infu∈X Ψ (u,λ), we can apply Theorem 1.1. Therefore there exist a non-empty
open set A ⊆ I with the following property: for every λ ∈ A and every continuous function
g : [0,1] × R→ R, there exists δ > 0 such that, for each μ ∈ ]0, δ[, the functional Eλ,μ(u) =
Ψ (u,λ)+μH(u) has at least two local minima lying in the set {u ∈ X: Ψ (u,λ) < σ }, where H
is the sequentially lower semicontinuous functional defined by
H(u) = −
1∫ ( u(x)∫
g(x, t) dt
)
dx0 0
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ments, classical solutions of the problem (D).
Finally, let [a, b] ⊂ A be any non-degenerate compact interval. Observe that⋃
λ∈[a,b]
{
u ∈ X: Ψ (u,λ) σ}⊆ {u ∈ X: Ψ (u,a) σ}∪ {u ∈ X: Ψ (u,b) σ}.
This clearly implies that the set S :=⋃λ∈[a,b]{u ∈ X: Ψ (u,λ)  σ } is bounded. At this point,
the conclusion follows taking r = supx∈S ‖x‖. 
Let us present a variant of the main theorem in order to obtain three solutions of (D) in-
stead of two and where the involved functional satisfies the Palais–Smale condition. We re-
call that a Gaˆteaux differentiable functional S on a real Banach space X is said to satisfy
the Palais–Smale condition if each sequence {xn} in X such that supn∈N |S(xn)| < +∞ and
limn→+∞ ‖S′(xn)‖X = 0 admits a strongly converging subsequence.
Theorem 2.2. Let the hypotheses of Theorem 2.1 hold. Then, there exists a non-empty open set
A ⊆ [0,+∞[ such that, for every λ ∈ A and every continuous function g : [0,1] ×R→R with
(iv) lim sup
|ξ |→+∞
supx∈[0,1]
∫ ξ
0 g(x, t) dt
ξ2
< +∞,
there exists δ > 0 such that, for each μ ∈ ]0, δ[, the problem (D) has at least three classical
solutions.
Proof. Let A and Eλ,μ have the same meaning as in the proof of Theorem 2.1, g : [0,1]×R→R
being a continuous function satisfying (iv).
Let us check the Palais–Smale condition for the functional Eλ,μ.
From (iv) there exist two constants p,q ∈R with p = 0 and
ξ∫
0
g(x, t) dt  p|ξ |2 + q
for all x ∈ [0,1] and ξ ∈R.
Fix u ∈ X. From the last inequality we deduce that
H(u) = −
1∫
0
u(x)∫
0
(
g(x, t) dt
)
dx −p
4
‖u‖2 − q.
Let δ < min{δ1, 1p (2 − λε)}. So, for each λ ∈ A and μ ∈ ]0, δ[, one has
Eλ,μ(u) = Ψ (u,λ) + μH(u)
(
1
2
− λε
4
− μp
4
)
‖u‖2 − λbε + λρ − μq,
for all u ∈ X. This assures the coercivity of the functional Eλ,μ for each λ ∈ A and μ ∈ ]0, δ[.
Now, since J ′ and H ′ are compact, the fact that Eλ,μ satisfies the Palais–Smale condition
follows from a classical result of [7, Example 38.25].
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assures that there exists a third critical point of the functional Eλ,μ which is a solution of prob-
lem (D). 
Now, we exhibit an example in which the hypotheses of Theorem 2.2 (as well as of Theo-
rem 2.1) are satisfied.
Example 2.1. Let 0 < α < 1, β  1 and let f :R→ R and g : [0,1] × R→ R be defined by
setting, for each t ∈R,
f (ξ) =
{
ξ4 if ξ  1,
ξα if ξ > 1,
and
g(x, ξ) = x|ξ |β.
In this case it is easy to observe that
F(ξ) =
{
ξ5
5 if ξ  1,
1
α+1 [ξα+1 + α−45 ] if ξ > 1,
and all the hypotheses of Theorem 2.2 are satisfied, if one chooses c = 12 and d = 1.
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